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High-order topological charge is of intensive interest in the field of topological matters. In real
materials, cubic Dirac point is rare and the chiral charge of one Weyl point (WP) is generally limited
to |C| ≤ 3 for spin- 1
2
electronic systems. In this work, we argue that a cubic Dirac point can result in
one quadruple WP (|C| = 4 with double band degeneracy) when time-reversal symmetry is broken,
provided that this cubic Dirac point is away from the high-symmetry points and involves coupling
of eight bands, rather than four bands that were thought to be sufficient to describe a Dirac point.
The eight-band manifold can be realized in materials with screw symmetry. Near the zone boundary
along the screw axis, the folded bands are coupled to their “parent” bands, resulting in doubling
dimension of the Hilbert space. Indeed, in ε-TaN (space group 194 with screw symmetry) we find
a quadruple WP when applying a Zeeman field along the screw axis. This quadruple WP away
from high symmetry points is distinct from highly degenerate nodes at the high-symmetry points
already reported. We further find that such a high chiral charge might be related to the parity
mixing of bands with high degeneracy, which in turn alters the screw eigenvalues and the resulted
chiral charge.
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2INTRODUCTION
Topological materials can be classified into topological insulators [1–3], topological crystalline insulators [4–8],
topological nodal-line (TNL) systems [9–11], Weyl semimetals [12–22], topological Dirac semimetals [23–28], and so
on. Each classification is characterized by its own topological invariant and may be featured by different behaviors
of the bulk-edge correspondence. Among these, Dirac/Weyl semimetals have received growing interest in the field of
topological materials. Many materials have been demonstrated to host Weyl points (WPs), such as TaAs (and its
related compounds) [15–18], MoTe2 [20, 22], HgCr2Se4 [13, 14], SrSi2 [19] and so on. Most of the WPs in these known
materials carry single chiral charge (C = ±1), except for HgCr2Se4 and SrSi2 which are proposed to be a double-Weyl
semimetal (C = ±2) [13, 14, 19]. The multi-Weyl semimetals are physically appealing for they are theoretically
proposed to exhibit unusual physical properties depending on |C| [29–33]. Cubic Dirac fermions are predicted to exist
in quasi-one-dimensional transition-metal monochalcogenides [28]. Once inversion and/or time-reversal symmetry is
broken, triple WPs with C = ±3 are expected to appear. Inferred from crystalline symmetry, it was believed that, for
doubly degenerate crossing points, |C| = 3 is the maximum chiral charge of one WP [31, 34, 35]. However, is |C| = 3
really the maximum chiral charge for one WP in materials or we can have a higher order one?
The current analyses of Dirac (Weyl) point rely on the minimal four- (two-) band model [14, 27]. Such a minimal
model suffices because all states outside of this manifold are irrelevant. However, if more complicated coupling of
bands exists, the dimension of the minimal model may need to increase. Moreover, once couplings between bands
within a larger manifold occur, different arrangement of band crossings could produce different topological behaviors
even though these bands obey the same space group symmetry. One possibility of generating a large manifold of
bands is the presence of high-degenerate states. Therefore, we look for candidate systems in which high-degenerate
states exist with or without spin-orbit coupling (SOC).
Recently, it is proposed that open straight TNLs with four-fold degeneracy would exist, on the kz = pi/c plane, in
materials belonging to space group 194 [10, 36]. The non-symmorphic symmetry plays the essential role in protecting
the bands along A = (0, 0, pi/c) to L = (0, pi/a, pi/c) from spin-orbit splitting. The high-symmetry A point is also
where band folding (along kz) occurs due to the screw symmetry. When two such folding points are present and
close to each other in energy, there can exist a Dirac point on the screw axis away from A. Indeed, such Dirac point
can exist in materials belonging to space group 194 when two such folding points are close in energy. In this work,
we take ε-TaN for demonstration and find that such a Dirac point can be cubic. When a Zeeman field is applied
along the screw axis, the Dirac point splits into four WPs with C = ±1,±2. More interesting is that a WP with
C = −4 is formed nearby due to an additional band crossing. While it is generally thought that, for doubly degenerate
WPs, |C| should not exceed three in a real material, we argue that this statement may need corrections as discussed
later. Noteworthy to mention, there have been several works reporting the presence of ”crossing points” with total
chiral charge amounting to four [37–40]. However, these reported ”crossing points” are highly degenerate states on
high-symmetry points protected by crystalline symmetry. Clearly speaking, they are composed of two WPs with
total chiral charge being 2 + 2 = 4 [37] or 3 + 1 = 4 [38–40]. Apparently, these high-order ”crossing points” are
topologically different from the quadruple WP we find in this work, which, to our knowledge, is the first quadruple
WP ever found in spin- 12 systems. Because of the different band dispersion, the quadruple WP is also expected to
show distinct transport properties as compared to those highly degenerate (or composite) WPs, even though their
total chiral charges are identical. For comparison, we have also studied Na3Bi that belongs to the same space group
194. Similar eight-band manifold is found in Na3Bi from a set of bands lying ∼ 3 eV above the Fermi level. Having
the same irreducible band representations, we find C = 2, instead of −4, for the same band crossing in Na3Bi. This
indicates that symmetry group and band representation are not sufficient to determine the chiral charge.
RESULTS
Figure 1 displays the crystal structure of ε-TaN (P63/mmc, space group No. 194) with inversion and six-fold
screw symmetries. The band structure calculated by the density functional theory is shown in Fig. 2. It reveals
that the Ta-d orbitals are responsible for the states around the Fermi level, especially the |J = 52 ; Jz = ± 52 〉 and|J = 32 ; Jz = ± 32 〉 orbitals (abbreviated as | 52 ;± 52 〉 and | 32 ;± 32 〉 hereafter). The TNLs are marked by the arrows in Fig.
2(a). It can be seen that there are two TNLs whose crossing points at A are close in energy, and the crossing of their
split bands on the kz-axis results in a Dirac point [inset of Fig. 2(a)], making ε-TaN a 3D Dirac system. Based on
the topological classification reported in Ref. [27], ε-TaN is a topological Dirac system (see Supplemental Materials
[41] for details.).
In Ref. [27], a four-band model is adopted and all relevant symmetry operations, e.g. crystalline and inversion,
3couple states within this four-band manifold. In ε-TaN, it is interesting and important to mention that there are
eight (four doubly degenerate) bands around the Dirac point; four of them comprise of the two crossing bands and
the other four are their “folded bands” due to the screw symmetry. Because of the special nonsymmorphic feature
of space group 194, inversion symmetry, together with translation symmetry along the screw axis, will map a state
originally in the crossing branch into a state in the folded branch, and vice versa [42]. As a result, we need to consider
all the eight bands for completeness. Important to mention, the extension from a four-band model to an eight-band
model plays a critical role in the exotic topological properties that we discover in ε-TaN.
The electronic structure around the Dirac point reveals more interesting phenomena. As shown in Fig. 2(a), the
two Dirac bands along Γ-A show linear behavior, whereas they exhibit band dispersion higher than quadratic order
along ky (as well as kx, not shown), implying a high-order Dirac point. Figures 2(b)-2(d) reveal the band inversion
between | 52 ;± 52 〉 and | 32 ;± 32 〉 at |kz| < |kDz |, where kDz ' 0.348 · 2pic ' 0.192 A˚
−1
denotes the kz coordinate of the
Dirac point. (The momentum will be expressed in unit of 2pi/c hereafter unless otherwise mentioned.) Due to the
“gap closing” at kDz , the band inversion is absent when |kz| > |kDz |. This is consistent with the result that the plane
with kz = 0 exhibits nontrivial Z2 while that with kz = pi/c is trivial, as is shown in the Supplemental Materials [41].
Careful inspection of Fig. 2(c) on the way of band crossing manifests the cubic band dispersion, thus it is a cubic
Dirac point following the convention [27]. This is different from what was found in Ref. [27], there the cubic Dirac
point is found at a high symmetry point like A when only four-band manifold is considered. In other words, we argue
that cubic Dirac points could be stabilized on the kz-axis when it involves coupling of bands in a larger manifold.
Thus, a different classification table is expected because of the more complicated coupling here. We would like to
mention that such a cubic Dirac point also exists in Na3Bi (∼ 3 eV above the Fermi level), another binary compound
with space group 194. Our work thus provides a way to search for new cubic Dirac semimetals.
When the time-reversal symmetry is broken, a Dirac point can be split into pairs of WPs. Here we apply a Zeeman
field along the screw axis (or kz axis) to ε-TaN to study how the high-order Dirac point is split into the WPs. Shown
in Fig. 3 is the band splitting when a Zeeman field (
n↑−n↓
n↑+n↓
= 0.01) along the screw axis is applied to ε-TaN. The
labeling of the eight bands is displayed in Fig. 3(a). In addition to the Zeeman splitting of bands, there remain several
WPs on the kz-axis, indicating the topological phase transition into the Weyl state. The computed chiral charges are
displayed in Figs. 3(b)(c). The application of a Zeeman field perpendicular to the screw axis that breaks the screw
symmetry, on the contrary, gives rise to ordinary Zeeman splitting of bands without showing any WPs. As a result,
we focus on the effect of the Zeeman field along the screw axis in this work.
There are several ways of computing the chiral charge of a crossing point. In this work, we adopt three different
methods to confirm the chiral charges, including the calculations of Wilson loop, Chern number, and the comparison
of rotation (screw) eigenvalues of the conduction and valence bands [14]. As shown in Fig. 4, the chiral charges of
these WPs can be found from the winding numbers in the Wilson loops (blue dots). Apparently, the four WPs split
from the Dirac point exhibit C = ±1,±2, respectively, which is consistent with the cubic DP. More intriguing is that
the WP formed due to the additional band crossing near A point exhibits high C = −4 (There is another WP with
C = 4 located at −kz so that the sum of chiral charges within the Brillouin zone is zero.). Note that the doubly
degenerate quadruple WP we find is expected to have different Landau levels as compared to the reported highly
degenerate WPs [37–40], due to distinct band dispersion and hence the density of states. This in turn may lead to
different transport properties such as anomalous Hall conductivities and magneto-transport. In Figs. 4(c)-4(e), the
Chern number is also computed to check the chiral charge. Apparently, the changes in Chern number across these
WPs also indicate C = ±2 and C = −4, respectively.
Another method proposed by Fang et. al. [14] is also adopted to further confirm the computed chiral charges of
the WPs. It is stated that the ratio of rotation eigenvalues ucuv =
eiθ1
eiθ2
= ei∆θ = ei2piC/N of the two crossing bands
determines the chiral charge of that WP in a system with N -fold rotational symmetry. Due to the fact that θ is
not uniquely determined in eiθ = Z, the chiral charge so obtained is actually C mod N . In a similar fashion, the
statement that |C| ≤ 3 in real materials needs to be reexamined as explained in Supplemental Materials [41]. Such
scenario is later shown to be applicable to systems with screw symmetry [43]. The phases of the screw eigenvalues
of the eight bands labeled in Fig. 3(a) are listed in Table I. Consistent chiral charges of all WPs can be obtained.
Details of the model used to obtain these screw eigenvalues can be found in Supplemental Material [41]. Although
the chiral charges of the WPs are confirmed, the topological edge states, on the other hand, are difficult to identify
because all these WPs are too close to each other in both energy and momentum space. Also, the edge states around
the WPs are buried in the bulk bands because of the cubic band dispersion. Despite this, the nontrivial WPs are
still expected to contribute to bulk properties such as (magneto-)transport. As mentioned, ε-NbN reveals the same
topological behaviors and the results are shown in Supplementary Materials [41].
4DISCUSSIONS
Despite that a WP exhibiting |C| = 4 is surprising, its presence could be understood from the following argument.
Recall that the TNLs pass through A and become doubly degenerate under the application of a Zeeman field along
the screw axis. As pointed out in Refs. [10, 36] on materials belonging to space group 194, the calculated winding
number, defined as γ/pi with γ being the Berry phase, of each doubly degenerate TNLs is ±1. At A where three
TNLs (three rotationally equivalent lines along A-L) spread out, it is expected that the increase in the phase (θ)
of the screw eigenvalues upon band folding would be ±pi since each TNL, playing a similar role as a single chiral
charge, contributes ±pi3 . Indeed, the differences of phases as shown in Table I indicate that the four crossings at A
act effectively as topological points with |C| = 3. That is, the TNLs put additional constraint on the phase winding
of these bands. This explains why the phase of |A ↓〉 can be 5pi3 in TaN because it acquires pi when folded from|B ↓〉. On the other hand, the TNLs contribute −pi to |A ↓〉 in Na3Bi and hence C = 2 is obtained (see Supplemental
Materials [41]). Having the same space group and band representations, our results indicate that symmetry does not
fully account for the chiral charge of this WP. Rather, the chiral charge is determined by the coupling of bands in the
eight-band manifold via the relative phase winding, which seems to be correlated to the parity change from Γ to A
as discussed below.
In the eight-band manifold under consideration, {|A〉, |C〉} and {|B〉, |D〉} [see Fig. 3(a)] form two four-fold degen-
erate bands, denoted respectively by |U〉 and |L〉, without SOC and Zeeman field. |U〉 and |L〉 are degenerate at A
with mixing parity of + and −. At Γ, however, there are two possible situations. First, |U〉 and |L〉 show opposite
parity, which is the case of Na3Bi. In this case, parity change is not required when going from Γ to A to reach the
mixed parity state at A. The other case is that |U〉 and |L〉 have the same parity at Γ as in TaN and NbN. Under these
circumstances, parity mixing of both |U〉 and |L〉 must be so strong as to reach the mixed parity of + and − at A.
As the band inversion in topological insulators gives rise to nonzero winding number of the split-off Wannier centers
[44, 45], it is intuitive to speculate that the parity mixing imposes a relative winding of 2pi on the screw eigenvalues,
which is expected to contribute ±6 to the chiral charge in a six-fold screw symmetric system. The interplay between
screw eigenvalues and parity may need further theoretical studies to clarify.
The coupling of the eight bands has another consequence on the chiral charges actually. In addition to the possible
correlation between the parity and screw eigenvalues, we further find that the chiral charge of this high-order WP
can only be either −4 or +2 (+4 or −2 at -k) in systems belonging to space group 194. It is noted that the WPs
are formed at crossings of bands with either Jz = ± 52 (TaN and NbN) or Jz = ± 12 (Na3Bi). Then, the difference
in screw eigenvalue of the two Zeeman-split bands (e.g. |B ↑〉 and |B ↓〉) is always ±pi3 (see Supplemental Materials
for details [41]). Considering the constraint imposed by the TNLs mentioned previously, the difference in the screw
eigenvalues will be either ± 4pi3 or ± 2pi3 , resulting in C = −4(+4) as in TaN and NbN or C = 2(−2) as in Na3Bi,
because |A ↓〉 acquires a phase of pi or −pi when folded from |B ↓〉 at A. Since the acquisitions of pi and −pi in
phase are both symmetry-respected, symmetry cannot fully account for the chiral charge of this high-order WP. This
analysis provides another support for the eight-band model since the screw eigenvalues of the “parent” and “folded”
branches are connected due to the TNLs.
In conclusion, we have demonstrated that ε-TaN is a 3D topological material showing cubic Dirac point. Upon the
application of a Zeeman field along the screw axis, this Dirac point splits into WPs with chiral charges C = ±1,±2,
respectively. An extra band crossing gives rise to a high-order WP carrying C = −4, whose topological properties
are different from the highly degenerate WPs [37–40]. Besides, it is expected to exhibit different transport properties.
Importantly, an eight-band model is required to describe the Dirac point as well as the split WPs. Moreover, symmetry
alone cannot fully determine the chiral charge of this high-order WP. Instead, it is determined by symmetry combined
with the band-mixing within this eight-band manifold.
METHODS
The first-principles calculations are performed using Quantum Espresso [46, 47] with an 18×18×6 k-grid. Norm-
conserving PBE functionals are used in the calculations with an energy cut-off being 100 Ry. The SOC is included
in all calculations. The Wannier functions obtained from the Wannier90 code [48] are used to compute the hopping
constants for the effective Hamiltonian.
5NOTE ADDED
During the preparation and submission of our manuscript, we are aware of a similar work [49] discussing the
doubly degenerate Weyl points with |C| = 4 in integer-spin systems, such as spinless electrons, photons, phonons and
magnons. Different from their work, our work focuses on spin-1/2 electronic systems. To the best of our knowledge,
this is the first time to propose spin-1/2 real materials hosting Weyl points with |C| = 4.
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TABLE I. The calculated phases (θ = npi
3
), of the screw eigenvalues (λ = eiθ) of the eight bands labeled in Fig. 3(a). Difference
in n between two crossed bands indicates the chiral charge of the WP.
band |A ↑〉 |A ↓〉 |B ↑〉 |B ↓〉 |C ↑〉 |C ↓〉 |D ↑〉 |D ↓〉
n -2 5 1 2 0 3 3 0
FIG. 1. The crystal structure of the ε-TaN. Larger pink (smaller gray) spheres represent the Ta (N) atoms. Left and right
panels display the top and side views, respectively. The lattice parameters are a = b = 2.951 A˚ and c = 11.355 A˚ from our
structural relaxation.
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